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Abstract

Sequential decision processes (SDPs) model the multi-stage
online decision-making problems that each player faces in an
extensive-form game, as well as MDPs and POMDPs where
the agent conditions on observed history. Prior regret mini-
mization approaches for sequential decision processes typi-
cally rely heavily on having access to counterfactuals, that
is, information on what would have happened had the agent
chosen a different action at any decision point. While this as-
sumption is reasonable when regret minimization algorithms
are used in self-play (for instance, as a way to converge to a
Nash equilibrium in an extensive-form game), it is unrealis-
tic in online decision-making settings, where the algorithm
is deployed to learn strategies against an unknown environ-
ment. In this paper, we give the first efficient algorithm for the
bandit linear optimization problem on SDPs—and therefore
also extensive-form games—and show that it achieves O(v/T')
cumulative regret in expectation against any strategy.

1 Introduction

Sequential decision processes (SDPs) are multi-stage online
decision-making problems. In an SDP, an agent interacts
sequentially with a potentially adversarial environment in
two ways: (i) decision points, in which an action must be
selected by the agent; and (ii) observation points, in which the
environment reveals a signal to the agent. Decision points and
observation points alternate along a tree-like structure. SDPs
model the online decision process that each player faces in an
extensive-form game, as well as MDPs and POMDPs where
the agent conditions on observed history.

Regret minimization, one of the main mathematical ab-
stractions in the field of online learning, has proved to
be an extremely versatile tool for decision-making over
SDPs. In fact, over the past decade regret minimization algo-
rithms for SDPs, such as counterfactual regret minimization
(CFR)|Zinkevich et al.| (2007) and its later variants | Tammelin:
et al.|(2015); Brown and Sandholm| (2019a), has become the
state of the art technique for computing strong strategies in
SDPs. In the particular case of extensive-form games, CFR
was also a critical component that enabled several recent
milestones in computing superhuman strategies in the game
of heads-up Limit and No-Limit poker (Bowling et al., 2015}
Brown and Sandholm, 2017; Moravcik et al.| [2017; [Brown
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and Sandholm, 2019b). However, these methods rely on hav-
ing access to counterfactuals, that is information on what
would have happened had the agent chosen a different action
at any decision point. This makes their applicability limited
in online decision-making settings, where the algorithm is de-
ployed to learn strategies (for instance, exploitative strategies)
against an opponent.

In this paper we introduce a new and efficient regret
minimization algorithm for sequential decision making and
extensive-form games that does not use any counterfactual
information and yet enjoys the same (asymptotic) expected

regret bound of O(+/T') as CFR. Our regret minimizer runs
in linear time per iteration unlike the only other prior ap-
proach by |Abernethy, Hazan, and Rakhlin| (2008), which
requires that an eigendecomposition of a Hessian matrix be
computed at each iteration. More precisely, we give an effi-
cient algorithm for the bandit linear optimization problem on
SDPs—and therefore for extensive-form games as well—and

show that it achieves O(1/T') cumulative regret in expectation
against any fixed strategy.

Overview of Qur Approach

In this subsection we give an overview of the key ideas be-
hind our method. We assume some basic familiarity with
the concept of full-information and bandit regret minimizers;
both concepts are recalled in Section [2]

At a high level, we construct a bandit (that is,
counterfactual-free) regret minimizer R starting from a full-

information regret minimizer R. Our bandit regret minimizer
‘R works as follows:
e The next strategy y* for R is computed starting from the
strategy ¢ output by R. We employ a specific unbiased
sampling scheme to sample y* from z.

e Each loss evaluation (£/)"y* € R is used by R to con-
structs an artificial loss vector £¢. This artificial loss vector
is then passed to R. The artificial loss is an unbiased es-
timator of £¢. This construction is possible even if only
(£)T y* but not £¢ is observed by R.

We implement R using the online mirror descent algo-
rithm paired with the dilated entropy distance-generating
Sfunction (DGF). The reason behind this particular choice of
distance-generating function is twofold. First, it enables an
efficient implementation of R, since projections onto sequen-
tial strategy spaces based on the dilated entropy DGF amount



to a (linear-time) traversal of the sequential decision tree.
Second, it serves as the basis for defining a notion of /local,
time-dependent norms || - ||; that play well with the regret
bound of online mirror descent. In particular, we prove that

the regret cumulated by R against any given strategy z up
to time 7" asymptotically grows as % 23:1 [€4]|2 ;. where

Il - |l+,¢ is the (time-dependent) dual norm of || - ||;.
Two steps are critical in the proof of the regret bound for
overall regret minimizer R. First, we show that, in expecta-

tion, ||£]|., is upper bounded by a small (time-independent)
constant c (the same property would not hold for a generic
time-independent norm). This, combined with the local-norm
regret bound mentioned above, guarantees that the regret cu-

mulated by R asymptotically grows as O (v/T’) in expectation.

Second, we use the unbiasedness of y* and £ to conclude
that the expected regret accumulated by R matches that accu-

mulated by R. Combining the two steps, we obtain a O(v/T)
bound on the expected regret of R.

Related Work

The idea of constructing a bandit regret minimizer starting
from a full-information regret minimizer already appeared
in|Abernethy and Rakhlin| (2009). In that paper, the authors
give a general framework for constructing bandit regret min-
imizers with high-probability regret bounds and show how
that framework can be instantiated in the case of simplex do-
mains and Euclidean balls. The construction of an unbiased
estimator £ of £! starting from the loss evaluation (£¢)"
appears in the seminal paper of |Auer et al.| (2003) in the
case of simplex domains. A more general construction ap-
peared in Bartlett et al.|(2008)). We generalize the argument
of Bartlett et al.| (2008)) to handle strategy domains where the
vector space spanned by all decision vectors is rank-deficient
(this is the case for sequential strategy spaces). The idea of
using time-dependent norms to obtain a tighter regret analysis
than time-independent norms already appeared several times,
for example in|Abernethy, Hazan, and Rakhlin| (2008); |Aber}
nethy and Rakhlin|(2009)); Shalev-Shwartz|(2012)). The use
of the dilated entropy regularizer in the context of sequential
decision making and extensive-form games goes back to the
original work of |Hoda et al.| (2010), with important practical
observations in the work of [Kroer et al.| (2018)).

Other approaches to bandit regret minimization are known
in the literature. EXP3 (Auer et al.,2003)) is credited to be the
first bandit regret minimizer for simplex domains. GEOMET-
RICHEDGE (Dani, Kakade, and Hayes, [2008)) is a general-
purpose bandit regret minimizer that can be applied to any
set of decisions, not just simplex domains. However, it re-
quires one to compute a barycentric spanner (Awerbuch and
Kleinberg|, 2004) for our domain, which is a significant pre-
processing cost. Furthermore, it runs in exponential time per
iteration in the general case. Abernethy, Hazan, and Rakhlin
(2008) gave the first bandit regret minimizer that runs in the-
oretical polynomial (in the dimension of the decision space)
time per iteration and can handle any set of feasible decisions
(as opposed to only a simplex domain). However, it requires
to compute and sample from the eigenvectors of a Dikin ellip-

soid centered at every iterate & produced by R, an operation
that does not seem practical on the strategy polytopes we
consider. Rather, the sampling scheme we use to implement
R.NEXTSTRATEGY () is extremely simple and can be imple-
mented efficiently via a simple linear-time traversal of the
decision tree.

Finally, we point out two key differences that set our
method apart from Monte Carlo CFR (MCCFR), a popular
stochastic method for computing equilibria in extensive-form
games Lanctot et al.|(2009). First, our method only requires
that the loss evaluation (£¢) "y be given as input, and no
assumptions are made as to how £ is chosen or computed by
the environment. In contrast, MCCFR always assumes that £
be in the form Az, where A is the payoff matrix of the game
and z is a strategy vector of the opponent. In other words,
MCCER can be used as a bandit regret minimization method
only if additional structure is enforced on the loss vectors.
This limitation is significant, as it prevents one from using
MCCEFR to compute, for example, quantal-response equilib-
ria and some types of exploitative strategies that require that
more complex losses be used in the process (Farina, Kroer]
and Sandholm) 2018). In this sense, MCCEFR is strictly speak-
ing not a general-purpose bandit regret minimizer. Second, in
order to use MCCFR in an online setting, the algorithm must
use the outcome sampling gradient-estimation variant, where
at each iteration the sampling profile is chosen to be the strat-
egy returned by CFR. However, this makes it impossible to
provide a uniform lower bound on the probability of reaching
every leaf in the game, which makes the theoretical guarantee
on the regret cumulated by MCCFR inapplicable. Obtaining
guarantees on the theoretical performance of MCCFR when
the algorithm is used in an online setting is an interesting
open question in the literature.

2 Preliminaries

In this section we briefly recall some important concepts
about sequential decision processes and regret minimization.

Sequential Decision Processes

A sequential decision process (SDP) describes a sequential
(that is, multi-stage) interaction between an agent and a—
possibly adversarial—environment. SDPs provide a general
formalism which captures the interaction model of extensive-
form games with perfect recall, as well as POMDPs and
MDPs for which the agent conditions its policy on the en-
tire history of observations and actions (Farina, Kroer, and
Sandholm, 2019). An SDP is structured as a tree of decision
points—in which an action must be selected by the agent—
and observation points—in which the environment reveals
a signal to the agent. As an example, consider the SDP in
Figure [T} corresponding to a game of Kuhn poker—a sim-
plified version of poker played with a three-card deck, as
introduced by |[Kuhn| (1950). The process starts at decision
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Figure 1: Sample sequential decision process. The decision
process corresponds to the game of Kuhn Poker.

point jo, where the agent can only take action ‘start’. After



taking that action, the process moves to an observation point
(denoted as ®), where the agent observes their private card.
Assuming that the agent observes the signal ‘queen’, the pro-
cess moves to decision point jo, where the agent can either
‘check’ or ‘raise’. If the agent ‘check’s, the process moves
to another observation point, where the agent gets informed
about the environment’s action—either a ‘check’ or a ‘raise’.
If the observed signal is ‘check’, the decision process ends.

Notation for SDPs. We denote the set of decision points
in the process as 7, and the set of observation points as C. At
each decision point j € J, the agent selects an action from
the set A; of available actions. At each observation point & €
IC, the agent observes a signal s;, from the environment out
a set of possible signals Si. We denote with p the transition
function of the process. Picking action & € A; at decision
point j € J results in the process transitioning to p(j,a) €
JUKU{¢}, where ¢ denotes the end of the process. Similarly,
the process transitions to p(k,s) € J UK U {o} after the
agent observes signal s € S} at observation point k € K.
In line with the game theory literature, we call a pair (j, a)
where j € J and a € A; asequence. The set of all sequences
is denoted as ¥ := {(j,a) : j € J,a € A;}. For notational
convenience, we will often denote an element (5, a) in X as
ja without using parentheses. Given a sequence ja € X, we
denote with uj, the vector such that (u;,);or = 1 if the
(unique) path from the root node of the SDP to action a’ at
decision point j passes through action a at decision point j,
and (u;q);/» = 0 otherwise. Finally, given a decision point
j € J, we denote with p; its parent sequence, defined as the
last sequence (that is, decision point-action pair) encountered
on the path from the root of the SDP to j. If the agent does not
act before j (i.e., j is the root of the SDP or only observation
points are encountered on the path from the root to j), we let
p; = .

Strategies in SDPs. Conceptually, a strategy for the agent
in a sequential decision process is a choice of distribution
over the set of actions A; at each decision point j € J in
the process. We represent a strategy using the sequence-form

. . _ = .
representation, that is as a vector € RLO‘ whose entries

are indexed by X. The entry T, contains the product of the
probabilities of all actions at all decision points on the path
from the root of the SDP down to action a at decision point
7 € J. Clearly, in order to be a valid sequence-form strat-
egy, the entries in & must satisfy the following consistency
constraints (Romanovskiil, |1962; [Koller, Megiddo, and von
Stengell, (1994} von Stengel, [1996)):

Vj € J such that p; # @,

ZGEAJ' i‘]’a = j"pj (1)
T Vj € J such that p; = @.

a€A; Lja = 1

Since & is not an element in ¥, there is no entry in & that
corresponds to &, and the notation Z 4 is invalid. However, we
will abuse notation and refer to Z 4 to mean the constant value
1. This allows us to write the consistency constraints (T)) as
> acA, Tj, = Tp, even when p; = J. With this convention,
it is also valid to say that the probability of the agent picking
action ¢ € A; conditioned to the agent being at decision
point j is ;. /2y, provided z,, # 0.

Finally, we let 7 C REOl be the finite set of all sequence-

form strategies that correspond to pure (also known as deter-
ministic) strategies, that is strategies that assign probability 1
to exactly one action at each decision point. It is well-known

that the set of all sequence-form strategies is the convex hull
co T of the set of pure strategies 7.

Regret Minimization

A regret minimizer is an abstraction for a repeated decision
maker. The decision maker repeatedly interacts with an un-

known (possibly adversarial) environment by choosing points

z' ..., x7 from a set XY C R™ of feasible decisions and

incurring a linear loss (£1)" z!,... (1) x7 after each iter-
ation. The quality metric for a regret minimizer is its regret,
which measures the difference in loss against the best fixed
(that is, time-independent) decision in hindsight. Formally,
given a decision z € X, the regret cumulated against z up
to time 7 is defined as R”(z) := Zle(ﬂt)—r(:ct —z). A
“good” regret minimizer (also called a Hannan consistent
regret minimizer) is such that the regret against any decision
z grows sublinearly as a function of 7T'.

In this paper, we will be interested in two types of regret
minimizers, which differ in the feedback that is received by
the regret minimizer.

Full-Information Setting. In the full-information setting,
at all time steps t = 1, ..., 7T the regret minimizer interacts
with the environment as follows:

e NEXTSTRATEGY(): the agent outputs the next decision
xzt e X CR™

e OBSERVELOSS(£!): the environment selects a loss vector
£! ¢ R™ and the agent observes £¢. The loss vector can

depend on the decisions ', ..., ' that were output by
the regret minimizer in the past.

Our construction of R (Section provides a full-information
regret minimizer for the set X = co 7.

Bandit Setting. In the bandit setting the environment does
not reveal the selected loss vector £¢ at each iteration, but
only the evaluation (£/)"x* of the loss function for the last
decision. Formally, at all time steps t = 1, ..., T the regret
minimizer interacts with the environment as follows:

e NEXTSTRATEGY(): the agent outputs the next decision
xzt e X CR™

e OBSERVELOSSEVALUATION((£!)" z?): the environment
selects a loss vector £/ € R™ and the agent observes

(£1)Tx'. The loss vector can depend on the decisions

z! ..., 2! that were output by the regret minimizer

before time ¢.
Since the regret minimizer only observes (£!)" =, it cannot
compute any counterfactual information (that is, compute
the value of the loss at a decision other than the one that was
output). The main contribution of this paper is an efficient
bandit regret minimizer R for the set X = 7 whose expected

regretis R7(z) = O(V/T) forall z € co 7.

3 Dilated Entropic Regularization and Local
Norms

The dilated entropy distance-generating function is a regular-
izer that induces a notion of distance that is suitable for the
space of sequence-form strategies in a sequential decision
process. The dilated entropy DGF was first introduced in
the context of extensive-form games by Hoda et al.|[(2010).
Kroer et al.| (2018)—with earlier and weaker results by |Kroer
et al.| (2015)—analyzed several properties of this function,
including its strong convexity modulus with respect to the /4
and /5 norms. They also showed that the dilated entropy DGF



leads to state-of-the-art convergence guarantees in iterative
methods for computing Nash equilibrium in two-player zero-
sum extensive-form games of perfect recall. In Definition|[I]
we state the definition of the dilated entropy DGF:

Definition 1 (Dilated entropy DGF). Let coT be the set of
sequence-form strategies for the SDP. The dilated entropy
distance-generating function for coT is the function ¢ :

le — R defined as

P! wHZwJ zp, log|A;| + ija

JjET ac€A;

where the weights w; are defined recursively according to:

wk—zwpgs (2)

seSk

w; —2+2max{wp]a

(In pa@ticulan wg = 0 for any observation point k such that
Ce =10.)

Our definition differs from that of |[Kroer et al.|(2018)) in that
we add the “shifting” terms z,, log [A;], where the minimum
of ¢ is 0. This unique minimum is attained by the sequence-
form strategy that at each decision point uniformly random-
izes among all available actions (that is, z;, = x, /| A;| for
all j € J,a € Aj). The idea of adding shifting terms to
make the regularizer non-negative over its domain already ap-
pears in Hoda et al.[{(2010) and Kroer, Farina, and Sandholm
(2018). Since those additional terms amount to adding a linear
function to the definition of the dilated entropy DGF found
in |[Kroer et al.| (2018)), the analysis of the strong-convexity
modulus of [Kroer et al.|(2018) holds verbatim, and in partic-
ular:

Lemma 1. (Kroer et all 2018, Theorems 2 and 3) The
dilated-entropy DGF of Definition [ is 1-strongly-convex
on coT with respect to both the {1 and the {5 norm.

The dilated entropy DGF has the advantage that its gra-
dient and its Fenchel conjugate function can be evaluated
efficiently via a linear-time pass on the decision space (Hoda
et al.,[2010). Specifically:

Observation 1. Forall z € leo‘, there exists an exact algo-
rithm, denoted GRADIENT, to compute V¢(z) in linear time
in

Observation 2. Forall z € ]RLEO‘, there exists an exact algo-

rithm, denoted ARGCONJUGATE, to compute

Vo*(z) = argmax{z' & — o(z)}.
&ecoT

in linear time in |%|.
The two properties above make ¢ an appealing candi-

date regularizer in many optimization algorithms that operate
on sequential decision making domains, including the full-

information regret minimizer R that we use in this paper.
Pseudocode for the algorithms mentioned in Observation ]|
and Observation 2] can be found in Appendix [B]

Local Norms Induced by the Dilated Entropy DGF

At each point & € co 7 in the sequence-form strategy space,
the dilated entropy DGF induces a pair of primal-dual local

norms (|| - ||z, || - ||+.z) defined for all z € RI*I as

lzlloi=\/2T V2p(@) 2 [I2]le.ai=1/2T (VZ(@)) L2,
where V2 (&) denotes the Hessian matrix of ¢ at Z. Since
V2(z) is positive-definite, it is well-known that | - ||,z is
well-defined and that it is indeed dual to || - ||z, in the sense
that || z|+z = max{z"w : |w||z < 1} forall z € RI*I.

To our knowledge, we are the first to explore the local
norms induced by the dilated entropy DGF. We start by giving
a convenient bound for the norm of a generic vector z € R‘El
as measured with respect to the local norm at & € co7:

Lemma 2. Letx € coT and z € RIEEO‘. Then,

22 < 530 3 e

jET acA; ¢

The analysis of the dual norm is more complicated, as the
inverse of the Hessian matrix is significantly more involved.
We start by giving a characterization of the inverse Hessian
matrix of the DGF d at a generic strategy & € coJ in terms
of sum of dyadics:

Lemma 3. Let & € coT be a sequence-form strategy. The
inverse Hessian (V2¢) (&) at T can be expressed as:

(T owuja)(Toujs)’
(V2 =22 o @

JET a€A;

where o denotes componentwise product of vectors.

Lemma [3] immediately implies the following corollary,
which gives an alternative way of computing the dual norm

of any vector z € RI*I:

Corollary 1. Let & € coT be a sequence-form strategy, and
let z € RI®|. The local dual norm of z satisfies

° 2
S D) DA S

JET a€Aj

4 Construction of R

In this section, we describe the full-information regret min-
imizer R that we use in our construction (Section . The
pseudocode for R is given in Algorithm , while its analysis
is given in Theorem [I] Our analysis fundamentally relies on

the notion of local norms induced by the dilated entropy DGF
(Section[3).

Online Mirror Descent with Dilated Entropy DGF

Online mirror descent is one of the most well-studied full-
information regret minimization algorithms in online learn-
ing. In its general form, given a strongly-convex regularizer
d and a convex and compact domain X C R", each decision



is computed according to

' = argmin d(&); Q)
TzEX

T = arg min{(nét —vd(z"))" & + d(:f;)} (6)
TEX

Our full-information regret minimizer R (Algorithm | is
constructed using online mirror descent instantiated with the
dilated entropy DGF ¢ (Definition [I]) as the regularizer d and

the set co T C RI®! of sequence-form strategies in the game
as the domain of feasible iterates X'. In that setting, the initial
point (Equation E]) is attained by the strategy that at each
decision point uniformly randomized among all available
actions and therefore & can be computed efficiently. Further-
more, each proximal step (6)) can be implemented efficiently
via a call to GRADIENT (Observation 1] followed by one to
ARGCONJUGATE (Observation 2)).

Algorithm 1: Full-information regret minimizer R

Data: 7 is a step-size parameter.

1 function SETUP()
2 for j € J in top-down order do

=1 )
‘ fora € Ajdo 7, + 1

3
[A;]

4 function NEXTSTRATEGY()
5 | return z'

6 function OBSERVELOSS(£")
7 | g+ n€' — GRADIENT(z")
s | ®*! < ARGCONJUGATE(—g)

[> Observ. nl
[> Observ. 2]

Observation 3. At all times t the decision produced by Al-
gorithmsatisﬁes Tt € R‘Eol.

Analysis
The analysis of the regret cumulated by Algorithm [1jas a

function fo the local dual norms of the loss vectors £¢ is rather
lengthy and is deferred to Appendix (C| Here, we only state
the central result of this section, which builds on Lemma[2]
and Corollary I}

Theorem 1. Let D be the maximum depth of any node in the
SDP, and let z € coT. Ifft € Rlzzo‘ for all times t, then the

regret RT(z) cumulated by R satisfies, at all times T':

T
Bz < 22 0D S ..
t=1

n

In the rest of the paper, we will give guarantees about the
expected magnitude of the right-hand side.

5 Construction of R

In this section, we describe the bandit regret minimizer R.
As mentioned in Section [I] two different components are
important in the algorithm: the sampling scheme, which we
describe in Section [5] and the construction of the unbiased
loss estimates, which we give in Section 3}

Here, we give an overview of the interaction between the
sampling scheme and the construction of the loss estimates.
Our construction of the unbiased loss estimates extends and
generalizes that of Dani, Kakade, and Hayes| (2008)), in that
it can be applied even when the set of strategies is rank-
deficient—as is the case for our set of pure strategies 7. In
particular, we relax the notion of unbiasedness to mean the

weaker condition that the projection £t onto the directio
dir 7 of 7 be an unbiased estimator of the projection of the
original (and unknown) £¢ onto dir 7

Bl w= () "w VwedrT, (*)

where [E;[-] is an abbreviation for E;[-|y!, ..., y*~!], that is
the expectation conditional on the previous decisions that
were output by R.

The main technical tool in our construction is to use a
generalized inverse of the autocorrelation matrix of y¢:

Proposition 1. Let 7t be the conditional distribution over
T, given the previous decisions y", ... ,y*~', and suppose
that the support of 7t is full-rank (that is, spansupp 7* =
spanT). Let Ct := E,[y'(y")"] be the autocorrelation ma-
trix of y', and let C'~ be any generalized inverse of C*,
that is any matrix such that C*C'=C* = C". Then, for any
bt | dir T, the random variable

Et — [(et)Tyt] . (Ct— yt + bt), (8)
satisfies ().

Crucially, the loss estimate £' in (8) can be constructed
using only the bandit information (that is, loss evaluation)
(£1)"yt that was received at time ¢ after the regret minimizer

output y* as its decision. A proof of Proposition |1| can be
found in Appendix

Sampling Scheme for Sequential Decision Spaces

At every time step t, the bandit regret minimizer R internally
calls into R.NEXTSTRATEGY() and receives a sequence-
form strategy &' € co T . After that, R samples and returns a

pure sequence-form strategy y* € T such that E,[y'] = @*.

Our sampling scheme (Algorithm [2) is natural: at each deci-
sion point j we randomly pick an action @ € A; according

to the distribution 7%, /7, induced by the sequence-form
strategy .

It is straightforward to verify that (see Appendix D)
Lemma 4. The sampling scheme given by Algorithm 2] is
unbiased, that is, E[y'] = .

The study of the autocorrelation matrix C* of the sam-
pling scheme—a key ingredient in Proposition [T[}—is more
complicated, and we defer the full analysis to Appendix [D}

Computation of the Loss Estimate (ft )
At each time ¢, we use Proposition [I]to construct the loss es-

timate £. The main conceptual leap is to identify (i) a choice
of generalized inverse C~ for the autocorrelation matrix C*
of y* returned by Algorithm and (ii) a particular choice of

'The direction dir X' of a set X is the subspace defined as
dir X := span{u — v : u,v € X}.



Algorithm 2: SAMPLE(z?)

Input: ! € co 7 sequence-form strategy
Output: y* € T such that E[y!] = &'
1 yt+0
2 subroutine RECURSIVESAMPLE(v)
3 if v € J then
4 Sample an action a ~ (Z%,/Z}, )aca,
5 Yoa < 1
6
7
8

RECURSIVESAMPLE(p(v, a))

else if v € K then
| for s € S, do RECURSIVESAMPLE(p(v, 5))

9 RECURSIVESAMPLE(T) [> r: root of the SDP]

10 return y'

vector b’ | dir T so that (a) the product C¢~ (y* + b%) can
be carried out in O(|X]) time and (b) the resulting loss func-
tion £¢ is nonnegative, as required by R (see Theorem . At
a high level, the particular construction that we use generates
C?t~ and b! inductively in a bottom-up fashion by traversing
the SDP, and heavily relies on the combinatorial structure
of the autocorrelation matrix C* induced by Algorithm
All details and proofs can be found in Appendix[ﬁ here, we
only show the algorithm that carries out the multiplication
in for the particular choice of generalized inverse and
orthogonal vector:

Algorithm 3: LOSSESTIMATE(] := (£))"y*, zt, y?)

Input: Loss evaluation (bandit input) [ = (£!)" y*
tecoT strategy output by R
y' € T pure strategy output by R

Output: £' = [ - C'~(y' + b!) such that () holds

1 £+ 0

> for j € J do

3 fora c A; do

4 ‘ if i, = 1 and p(j,a) = o then £}, < 1/7%,

5 return ¢!

Algorithm 3]is trivial to implement and looks deceptively
simple. Furthermore, the loss estimate returned by Algo-
rithm [3 coincides with the loss estimate constructed by
EXP3 (Auer et al., [2003) if the SDP only has one decision
point (that is, the strategy space is a simplex). Finally, we
remark that when (£!)"y* > 0 (which can be assumed with-
out loss of generality), the loss estimate constructed by Algo-
rithm [3|has non-negative entries: £ € R‘fol so that Theorem

is applicable.

Norm of the Loss Estimate

In theory, each entry of £! (Line |4|in Algorithm [3) can be
arbitrarily large, since jéa can be arbitrarily small. As a con-
sequence, the Euclidean norm ||£!||5 of the loss estimate can

be arbitrarily large, even in expectation. This shows the im-
portance of having Equation (7)) be expressed in terms of the

local norms || - ||, z+ instead of a generic time-invariant norm.
Indeed, it is possible to give guarantees on the expectation of

the local dual norm of £' returned by Algorithm

Theorem 2. Assume that the bandit information (£')"yt €
[0,1] at all times t. Then, at all times t, the loss estimate

e Rlzzo‘ returned by Algorithmsatisﬁes
]Et[”étni,@t} <2-|%2

Theorem 2]is proved in Appendix [D] Theorem 2]is one of
the deepest results in this paper: it ties together the sampling
scheme (Section EI), the construction of the loss estimates
(Section [3)), and the geometry of local norms (Section [3))
induced by the dilated entropy DGF.

6 The Full Algorithm

As foretold in Section|I} we construct our bandit regret mini-
mizer R starting from the full-information regret minimizers

R of Algorithm (1}, as in Algorithm {4} The resulting algo-
rithm is surprisingly easy to implement, and requires only
two linear traversals of the SDP per iteration.

Algorithm 4: Bandit regret minimizer R

1 function NEXTSTRATEGY()

> | @' < R.NEXTSTRATEGY()
3 | y' < SAMPLE(z!)

4 return y;

[> Algorithm
[> Algorithm

==

<
-

function OBSERVELOSSEVALUATION(] := (£!)"
6 £t < LOSSESTIMATE(L, ¢, y*) [> Algorithm
7 | R.OBSERVELOSS(£) [> Algorithm

w

=11

The regret R (z) of R is linked to the regret R” (z) of R:
using the definition of regret and the law of total expectation,

T
E[RT(2)] =E|Y E[(€) ('~ Zﬂ} =E[R"(2)],

where we used the hypothesis that £? is independent from y?,
as well as Lemmafd]and (x). Theorem (] gives an upper bound
for the regret RT (z) of R as a function of the sequence of the
loss estimates £, . .., £7. In particular, taking expectations
in Equation (7)) and using the law of total expectation as well
as Theorem [2] we have

IN

E[R" (2)] W;Z) +7V3D-E

T
> E [nétni,mt}] -
t=1

#2) 4 op 2 vED T,
7

IN

Hence, by picking 7 = 1/(|%[v/T), we obtain the following
theorem, which is the central result of this paper:

Theorem 3. Let D be the maximum depth of any node in
the SDP. Then, assuming (£)"y* € [0,1] at all times t =



1,...,T, the regret RT(z) cumulated by Algorithmagainst
any z € coT satisfies

E[R"(2)] < (p(2) +2V3D) [Z| - VT.

Theorem [3|shows that the regret cumulated by our bandit

regret minimizer R grows as O(y/T). This is better than
the algorithm of |[Abernethy, Hazan, and Rakhlin| (2008)),
which grows as O(y/TlogT), and only provided T =
Q(|2|logT).

Finally, we conclude with a word of caution. Our algo-
rithm, just like the one of |Abernethy, Hazan, and Rakhlin
(2008), only guarantees that max, e, 7 E[R' (2)] is small,
and not that E[max,eco7 RT (2)] is small. Depending on
the application, this might or might not be strong enough
a property. This limitation is well-known (see, e.g., |Abert
nethy and Rakhlin| (2009)) and is one of the main conceptual
drives behind the research of regret minimizers that give high-
probability bounds on regret. Section [§]briefly discusses how
the techniques of this paper are relevant towards that effort.

7 Experimental Evaluation

We implemented our bandit regret minimizer (Algorithm [4),
as well as the bandit regret minimizer of /Abernethy, Hazan!
and Rakhlin| (2008) and MCCFR (instantiated as a bandit
regret minimizer), and tested them on the game of Kuhn
poker Kuhn| (1950). The SDP corresponding to the player
that acts first in the game is given in Figure|l] All three al-
gorithms face a strong opponent that at each iteration plays
according to a precomputed strategy s that is part of a Nash
equilibrium of the game (in other words, the opponent is
playing optimally). Correspondingly, the sequence of loss
functions is in the form £! = As?, where A is the payoff
matrix of the game, and s’ is a (pure) strategy of the opponent
sampled so that E[s’] = 5. This loss structure is necessary
for MCCFR to be applicable, as discussed in Sectionﬂ] Fig-
ure [2] shows the evolution of the regret of all three algorithms
against the best response strategy for s. We ran each algo-
rithm 100 times, and for each algorithm we draw the average
regret and shade one standard deviation around that average.
For our method, we use the theoretical step size multiplied
by 1000.0, while for the method of |Abernethy, Hazan, and
Rakhlin| (2008)) we divide their step size parameter by 10;
these changes do not affect the theoretical guarantees but
improved the practical performances of both algorithms.

Kuhn — playing against a strong opponent

10° - —.—. Abernethy et al. (2008) —7
10* 4 ———— Monte Carlo CFR I
—— Our method

Zz
oz
Z
z

Regret against best response

10° 10! 10? 10° 10* 10° 10° 107
Iteration 7"

Figure 2: Evolution of the regret of all three algorithms
against the best response of s.

In this setting, all algorithms but MCCFR guarantee

O(V/T) regret, and the plot experimentally confirms this
bound. As discussed in Sectionﬁl in order to use MCCFR
as a bandit regret minimizer, we needed to instantiate it in
its outcome sampling variant in a way that necessarily inval-
idates the hypotheses needed for its theoretical analysis to
hold. However, we observe that in practice its performance
aligns well with that of the other algorithms.

In Figure|3] we also looked at the empirical distribution of
the ¢, and the local dual norm || - ||, z+ of each loss estimate
£! ever computed by our bandit regret minimizer R across
the 100 runs of the experiment. As predicted by Theorem 2]
one of the core results of this paper, the average of [|€(|7 ;.
is below the theoretical value 2|3|? = 288. In fact, it is
experimentally much lower, as it hovers around the value 1.1.
The standard deviation of the squared dual local norms was
close to 18.2, and the maximum ever observed squared dual
local norm was approximately 26 294.

Empirical distribution of the norms of the loss estimates 2

---- Squared Euclidean norm [|€*||3

2

1.25 A —— Squared local dual norm H@H*jz

Probability density
o o =
o = o
(=} ot o
1 1 1

o
o
o
1
\
]

0.00 — ; . — e
4 5 6
Squared norm of loss estimate

Figure 3: Empirical distribution of the squared norms of the

loss estimates £¢ across 100 runs of R. The thin vertical
line denotes the empirical average of the squared dual local
norms.

On the other hand, the empirical distribution of the squared
{5 norms has an extremely heavy tail, and the empirical
average is slightly larger than 5 050, with a standard deviation
in the order of 10 and a maximum observed squared /5
norm in the order of 10'C. Thjs reinforces the theoretical
observation that started Section [5f an analysis of R based on
/5 norm would be insufficient.

8 Conclusion and Future Work

In this paper, we gave a practical algorithm for the bandit
linear optimization problem on sequential decision spaces.
Our method combines a number of ideas and tools. For one,
we gave several new results concerning the properties of the
dilated entropy regularizer that are of interest beyond the goal
of this paper. Another contribution of this paper is an efficient
way of constructing an unbiased estimator of the loss vector
£! starting from the loss evaluation (£¢)" y* at a pure strategy
y'. In order to construct the unbiased estimator, we extended
and generalized an argument by Bartlett et al.| (2008) and
showed how it can be applied successfully in the context
of sequential decision processes. Finally, we combined the

regret bound for R based on time-dependent local norms to-



gether with the unbiased loss estimator to construct our bandit
regret minimizer, by showing that the unbiased loss estimator
has a time-dependent dual norm that is upper-bounded by a
small time-independent constant.

Our bandit regret minimizer R is superior to that of |Aber}
nethy, Hazan, and Rakhlin/ (2008)) both computationally (each
iteration runs in linear time in the SDP size) and in terms
of cumulated regret (the regret grows as O(\/T) instead
of O(y/T'log T). However, our algorithm, just like the one
of |/Abernethy, Hazan, and Rakhlin| (2008)), only gives a regret
bound that (1) only holds in expectation, and (ii) predicates
on maxzeco 7 E[RY (2)] and not Elmax,cco 7 RT (2)]. We
believe that the techniques presented in this paper can be
extended to overcome both shortcomings and yield a high-
probability bound on max,¢.,7 R’ (z). Indeed, our regu-
larizer, the sampling scheme, the construction of the loss
estimates, and the use of local norms might be used within
the general framework of |Abernethy and Rakhlin|(2009) to
provide high-probability results. We are interested in pursu-
ing this direction in the future.
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Appendix

In order to simplify the proofs, we will make the following assumptions about the structure of the SDP. All assumptions can
be made without loss of generality, as the structure of an SDP can always be transformed in polynomial time into an equivalent
SDP that fulfills our assumptions:

e No two nodes of the same type immediately follow each other. This assumption does not come at the cost of generality, since
two consecutive decision points can always be consolidated into an equivalent one by combining their actions. Similarly, two
consecutive observation points can be consolidated into an equivalent one by combining the available signals.

e Any action a € A; at decision point j € J such that p(j, a) = ¢ is called a terminal action. A decision point j is called a
terminal decision point if all actions in A; are terminal, and non-terminal decision point if no action is terminal. We assume
that decision points are either terminal or non-terminal. In other words, we assume that either all actions at a generic decision
point 5 are terminal, or none of them is. One can always convert a SDP that contains a decision point j that are neither terminal
nor non-terminal into an equivalent SDP by adding artificial observation points.

Given the first assumption, we denote the set of all observation points that are immediately reachable after decision point j as
Ci={p(j,a) :a € A;}\ {o}. Similarly, the set of all decision points that are immediately reachable after observation point &

isCr, == {p(k,s) : s € Sk} \ {o}.

A Additional Notation for Sequential Decision Processes
‘We now introduce additional notation:

Sequences (¥). In line with the game theory literature, we call a pair (j, a) where j € J and a € A; a sequence. The set of all

sequences is denoted as ¥ := {(j,a) : j € J,a € A;}. For notational convenience, we will often denote an element (j, a) in ¥
as ja without using parentheses.

Descendants (=). A partial order > can be established on X as follows: given two sequences ja and j'a’ in X, j'a’ = ja if
and only if the (unique) path from the root node of the SDP to action a’ at decision point j’ passes through action a at decision
point j. Whenever j'a’ = ja, we say that j'a’ is a descendant of ja.

Subtree indicator (u,,). Given a sequence ja € X, we denote with u, the vector such that (u;,);/os = 1if j'a’ > ja, and
(uja)j’a’ = 0 otherwise.

Parent sequence (p;). Given a decision point j € 7, we denote with p; its parent sequence, defined as the last sequence (that
is, decision point-action pair) encountered on the path from the root of the SDP to decision point j. If the agent does not act
before j (i.e., j is the root of the SDP or only observation points are encountered on the path from the root to j), we let p; = &.
Inductive Definition of 7

The set 7 can be constructed recursively in a bottom-up fashion, as follows:
e At each terminal decision point j € 7, the set of pure strategies is the set

7}2: {617...76‘Aj|}gR|Aj‘7 (9)

where e; the i-th canonical basis vector.
e At each observation point k£ € /C, the set of pure strategies is simply the Cartesian product of strategies for each of the child

subtrees:
Tri=Tj x---xTj

where {j1,...,jn} = Ci are the decision points immediately reachable after k.

e At each non-terminal decision point j € J, we put probability 1 on exactly one action and recurse on the subtree rooted at
that action:

(10)

n?

T; ={(e1,xk,,0,...,0) i xs, € T, }U---U{(en,0,...,0,x,) : Tk, € Tp,, } (11
where {k1,...,k,} = C; are the observation points immediately reachable after j and e; the i-th canonical basis vector.

Inductive Definition of co 7

The set of mixed sequence-form strategies can also equivalently constructed inductively along the tree structure:
e At each terminal decision point j € 7, the set of mixed strategies is the set

coTj i= Al (12)



e At each observation point & € KC, the set of mixed strategies is the Cartesian product of mixed strategies for each of the child
subtrees:

coTy:=coTj x -~ xcoTj,, (13)
where {j1,...,jn} = Cy are the decision points immediately reachable after .
o At each non-terminal decision point j € 7, we first fix a distributions over the actions in A; and then recurse:
coT; ={( A, -, Ay My -, An,) (A, ) €A™ €co Ty, Vi=1,...,n}. (14)

where {k1,...,k,} = C; are the observation points immediately reachable after j.



B Properties of the Dilated Entropy Distance-Generating Function

Preliminaries

We look at the computation of the gradient of ¢ at a generic point z € REO‘. Some elementary algebra reveals that

&p Zia Zila!
(z) = w; (1 + log zj> + Z wjs | log|Aj/| — Z Z]— (15)

0z,
ja Pj j/ecp(j,a) CL'EAj/ ja

for every decision point-action pair ja € X.. Hence, we can compute V(z) at any z € RIEO‘ in one linear-time traversal of the

sequential decision tree as in Algorithm 5

Algorithm 5: GRADIENT(2)

Input: z € RI>!
Output: The value of Vy(z)

I g+ 0cR
2 for j € J in bottom-up order do
3 fora € A; do

4 Gja < Gja + Wj (1 + log Z)

J
5 if p; # @ then g, < g,, — w; Z;]'Z’
6 | ifp; # otheng, < g, +w;log|A]

7 return g

The Fenchel conjugate of ¢ on co 7 is defined as

©* 1z max {2'@ — p(2)}
x&eco T

for any z € RI®! It is well-known (and easy to check via a straightforward application of Danskin’s theorem) that

V" i z = argmax{z' & — p(&)}. (16)
&eco T

For this reason, we call V* the Fenchel arg-conjugate function of o on co 7. Of course, for any z € RI*| one can efficiently

compute the value of ¢*(z) given * := V¢*(z) (which is guaranteed to be in € REA) by direct substitution as 2" z* — p(x*).
In Algorithm [6] we give a linear-time algorithm for computing V*(z). We refer the reader to the original work by [Hoda et al.
(2010) for a proof of correctness.

Local Norm
Lemma 5 (Ling, Fang, and Kolter| (2019)). The Hessian V?¢(2) of the dilated entropy DGF at z € co T is given by:

Wi + Wp(j,a)

if ja = j'd'
Zja
w;r o
o? (2) = 7Z7 if ja = pj and pj # @
szaﬁzj/a/ 14 7
w; o
- if j'a’ = pj and p; # @
2p;
0 otherwise.
Lemma?2. Letx € coT and z € R‘Eol. Then,
3 w
2 2
2]z < 3 jfj ja



Algorithm 6: ARGCONJUGATE(2)

Input: z € RI>!
Output: The value of Vo*(z)

z* « 0 e R

!
2 for j € J in bottom-up order do

3 s+ 0

4 for a e Aj do

5 o < exp{ }

6 s <— s+ x]a

7 | v wjlog A

8 fora € A; do

’ &5, ¢ [> Normalization step
10 V4= U+ 2%, — X5, log Ty,

11 Zja ¢ Zja + U

12 for j € J in top-down order do
13 fora € A do

| % T
15 return x*

*
pPj

Proof. Using the explicit expression of the Hessian of the dilated entropy regularizer (Lemmal[5) we can write

E =3 3 BN Y Y Y Y Haenesy Y SN a9

JET a€A; JET a€A; §7€C (ja) @’ €A i JET a€A; Lja
where the inequality holds since z € R' l . By definition of w; (Equation .) we have for all ja €
3
W+ Wp(ja) S W5 F MAX Wp(jar) = 243 AKX Wp(jar) < 343 MAX Wy(jar) = H0;- (18)
Plugging (I8} into yields the statement. O

Lemma 3. Let T € coT be a sequence-form strategy. The inverse Hessian (V?¢)~1(&) at T can be expressed as:

(Zouja)(Touje)’
(v? => > o , 3)

JET a€A;

where o denotes componentwise product of vectors.

Proof. Let

:
=Yy et
wjx]a

JET a€A;

be the proposed inverse Hessian matrix. We will prove that H = (V2¢)~1(&) by showing that V2¢(z) - H = I is the identity
matrix. We break the proof into two steps:

e Step one. First, we show that for all sequences ja € ¥ and j'a’ € %,
wj if j’a’ = ja
_ _ Tja . .
[V2SD(:B) . (;l: o uja)]j’a’ = _wjji 1fpj — j/al 19)
-
0 ’ otherwise.



In order to prove (T9), we start from Lemma 5}

_ _ Op(x)
[stﬁ(m) (m (¢] 'Uz]a Z Z 8:[) y ,81‘ o (.’1} o u’ja)j”a”
//eja//eA 1 Jra
W51t _
PR MR A S Sl e S
J’ Ecp(] La’) a’ EA_ ” lea,

We now distinguish four cases, based on how ja relates to p;/, j'a’, and j”a’":
Consequently, (uja)pj, = (Wja)jrar =

i”a” are all descendants of ja.

— First case: pjy > ja, that is pj,,j'a’ and j"a
(Wjq)jrar = 1forall j € Cyjr oy and a” € Ajn. Hence
’Ujj// _

E E — Ij”a”
,’L‘j/a/

)T Wy Wo(jar) T Wi
j”eC{,(j/,a/) a”EAj//
T gl
Ja _ . _ § L
g wp(]’,a’) w]” = O

W ;0 —
J €T iraq!

j”ecp(j/ya/) a”eAj// J j”ecp(j/’a/)
] 0(5’,a") and a” € Aj//.

[stﬁ(@) ' (i © 'U/ja)]j,a

= Wp(j',a") —

‘a’. In this case, (wjq)p,, = 0, while (wjq)j7ar = (Wja)j7ar = 1forall j” € C

— Second case: ja = j
Hence,
w5
2 = = _ -
[Vio(®) - (zo uja)}j/a, = Wj + Wp(jr,ar) — § E ——Tjra
Uy
j’’eC (' ,a’) a’/GAj// Ja
:E S !
= ’U)j/ —+ wp(]/ﬁa/) E w]u E =
j//ECp(j/’a/) ll”EAj// Ja
= Wjr + Wp(jr,ar) — E wr = wy = ;.
3" €Cp(i",ar)
— Third case: p; = j'a’ (that is, ja immediately follows j'a’). Then, [V (Z) - (€ o uj4)] - j;;“
J
r j/a/ 0'

— Otherwise, j"a" i jaforall j” € Cyjs oy and a” € Ajn, and therefore [V2p(Z) - (& 0 uj,)]

e Step two. Giveno € X U {2}, let 1, € RI*I denote the vector that has a 1 in the entry corresponding to sequence o, and 0
“0). Then, (T9) can be rewritten as

everywhere else (in particular, 15 =
V2p(2) - (T oujq) 1 1
- fl]a - :17;71]%' .

WjTja Tja P;
Therefore,
T ouj,) 1
ja - B T
(@oua) =Y z( 1> (@ o w)
JET a€A; Pj

V2
V@) H=Y> Y ‘pwma
.

JjEJ acA;
= E E —lja- T oUjq — E E ToUjg
j/GCp(j,a) a/EAj/
T

JET a€A;
= E E —lja- o | ujq — E E Wjr g/
J'€C,(j,a) @' €A

JET a€Aj



Using the definition of u,, we obtain

V -H = Z Z ]-ja)—r

JET a€A;

= Z Z ]‘jal—jra
jEjllGAj
= I)

as we wanted to show. O
Corollary 1. Let & € coT be a sequence-form strategy, and let z € RI*!. The local dual norm of z satisfies
(zox))?
2
1222 =" Z T 4
JE€T acA; T

Proof. By definition of local dual norm, using Lemma[3), and applying simple algebraic manipulations:

2

9 (T ouja)(Touje)" _ T(Zowuj,)) zoac))
lz12e=="{ > > - =y Y E —w DY 3, Mo al vz~ O
iLja ja iLja

JET a€A; JET a€A; JET a€A;




C Analysis of Mirror Descent using Dilated Entropy DGF

We study some properties of Algorithm[I} The central result, Theorem|[T] gives a bound on the cumulative regret expressed in term
of (dual) local norms centered at the iterates produced by online mirror descent. Our first step is to introduce the “intermediate”
iterate
= arg min{(n@ — V() & + @(aﬁ)}, (20)
&eR)

which differs from z'*! in (6) in that the minimization problem is unconstrained. This intermediate iterate is known to be
convenient for analyzing the regret accumulated by online mirror descent |Abernethy and Rakhlin| (2009)). In particular, the
following is well-known

Lemma 6 (Rakhlin| (2009), Lemma 13). Online mirror descent satisfies, at all times 'T" and for all mixed strategies z € co T,
the regret bound
p(z) | <
RT(z) < 222 4N () (z
(z) p > (

t=1

_ it+1).
Using the structure of the dilated entropy DGF together with that of the game tree, we prove the following property, which

will be fundamental in the analysis of online mirror descent based on local norms.

Proposition 2. Let the quantity 1/);’-(1 be defined for all sequences ja € X as

t . T /pt —t7§:”t _t
ja = 'U/ja(e oxr ) = gj’a/ . :ﬂj/a/

Jj'a’ = ja

Ifet e ]RIZEO‘, the intermediate iterate ' satisfies

~t ~t+1 ~t
T n : xX;
a a a
ji expy — wi Tt ;’a < ~Z+1 < ji '
J%ja € Pj

8

pPj pj
In particular, Proposition [2]is a fundamental step for the following theorem, which bounds the length of the step (as measured

according to the local norm || - ||z¢) between the last decision & and the next intermediate iterate /™' as a function of the
stepsize parameter 77 and the dual local norm of the loss £¢ that was last observed:

Proposition 3. Let D be the maximum depth of any node in the SDP. If oe leo‘, then

1Z* — &+ |ae < nV3D - [|€]]. - 2D

Proof. By Corollary zt -zttt e RLEO‘. Hence, we can apply Lemma

3 w; # 2
—t ~t+1(2 J (At ~t+1 Jja
||$ - ||it < 5 E E Zt (xja x]a § § w;x ja< - it ) :

JET acA; I ]GJ acA;

Using Inequality 7)),
2

A

IN

_ 3n? —t d};/a/
|2 22w D o
3L jrar

JET a€A; j'a’ = ja

Dn?
TEYY Y mltahy
JET a€A; jra’ < ja )
3Dn? wizt, (Yh,)?
=3NS * |

JET a€Aj j'a’ X ja Jj'a’

I /\



where the second inequality follows from applying Cauchy-Schwarz. Now using double counting we derive

3Dn? t 2 3Dn? wi T,
ERD DI DN ,w]f;;,, D IDY S "

JET a€Aj j'a’ < ]a JET a€A; j“ j'a’ = ja ~J7Ja

<3Dp” ) Z

JET a€A; w5

where the second inequality follows from Lemma Finally, plugging in definition of 7/’§‘a and using Corollary|1} we have

Zt))2
o — et <spp Y Y LT e,
w;
JET a€A; J 3“
Taking the square root of both sides yields the statement. O

Lemma[é]can be used to derive a regret bound for R expressed in term of local norms. In particular, using the generalized
Cauchy-Schwarz inequality together with Proposition [3] we obtain

()" (@ — &™) < | pr - 12" — & ot

< V3D - ||€']7 5

Substituting the last inequality into the bound of Lemma[6] we obtain the following:

Lemma 7. At all times t, each intermediate iterate &' satisfies, for all ja € X.:

~t+1 ~t i t+1
' Tt 4 W, (s &
ja “ja ja p(j,a) ja
—t+1 T =t €Xpy =7 T ] + ] ) (22)
Ty, T, w; w w;
where .

¢l I K
ja T E JE:ft+1'
J'€Cp(j.a) a'€A;TIE

Proof. The first-order optimality condition for the minimization problem yields

nl' — Vo(x') + Ve(z'*') = 0.

Substituting the expression for V¢ (Equation [I3)) into the optimality condition yields

~t+1 ~t+1
x iral :Z:Jla/

Nlja — w; log— + g wijr E +w_7 log =5 ~t+1 E wye E : L 0
pJ 7 Ecp(7 a) @ EA v Pj 7 660(7 a) @ EA o Ja

=t
'Tj/a’

’ L, Tt
a EA]/ T,

for all ja € ¥. Using the fact that Z' € co X, we can write = 1 and simplify the above condition into

=t ~t1 ~t+1

X . It
Jja Jja g'a”
nlja — wjlog Zt + w; log praal + Wp(j,a) — Z wi Z G 0,
Pj Pj j’eCpU-m G/GAj/ ja
where we used the equality w,(;,q) = > J1E€C 05 ay W (Equation . Rearranging the terms yields the statement. O
p(d,a -

Proposition 2. Let the quantity w;a be defined for all sequences ja € X as

to. T (pt —t ot =t
wja = uja(e ox ) = Z éj’a’ . l‘j/a/.

j'a" = ja



L satisfies

Ifet e R>0’ the intermediate iterate &
—t NURE R—

z T, Ty
— ~t+1 - 7t

P
zt P w; jt
Pj J p] pj

Proof. For ease of notation, in this proof we will make use of the symbol C;, to mean C,(;, ,). We prove the proposition by

) we have by Lemma

induction:
e Base case. For any ja with Cj, = ) (and thus ¢, = é;afcga
o2, e, T, noo,
t exp 777 - =t €Xpy — At ja (>
w]ajja

—i+1 T =
Tp; pj wj pj
which proves the lower bound. In order to prove the upper bound, it is enough to note that the argument of the exp is

7t

non-positive. Hence,
S+l ot
Tja %a expd — Lja
~t+1 T wt Tja = St C
Tp; P Wija Tp;
o Inductive step. Suppose that the inductive hypothesis holds for all sequences j’'a’ > ja. Then, we have
~t+1 =t
T/ T g
t+1_§: 2: j'a 2: 2: j'a . n t
€ja = ’LUJ/ oy Z wJ/ jt exp W j'a’ (23)
§'€Csa aeA, Tia 7'€Cja weA, I it
Furthermore, for all ja € X, using Equation (2)) we have
Ft
— ] ‘a’
Wp(j,a) E : wj § :wa § : 7t
j'€Cja j'€Cja a EA g Ja
where the last equality follows from the fact that Z* is a valid sequence-form strategy. Hence, we can rewrite (22) as
mt+1 it ot 5t t+1
Yo _ Ta ) Ga 1 N Ty, Sa
pory f ey L SR wjr T (24)
1 7t : W J Tt W
pj pj J J j1€Ci0 a reA; I J

Plugging in the inductive hypothesis (23] into (24) and using the monotonicity of exp, we obtain

~t4+1 _ pt

IZ: I?a é;—a 1 xt, o n ¢

—=1 = =y eXpy —n—— — — E wj E e

gLt zt w; W, zt J
Pj Pj J 7 \j€Cja a’€A; T

o @_EZth’
— ji'a )

Ja
—— €Xpy 7
w w,
J J j/ecja a’eA , ja

1 —expg — —
'lUj/xj/a/

(25)

v

where the second inequality follows from the fact that 1 — e~® < x for all € R. Finally, using the definition of ¢ we find
(26)

t _ gt —t
E E 1pj’a’ - ]a g_]a ja-*

j'€Cja a/EAj/
Plugging (26) into (23]) we obtain
st+1 it
Tio N B
AT = e Py T —t
p] Dj J

This completes the proof for the lower bound



In order to prove the upper bound, we start from (22)).

~t41 o 5 ~t41 -
w2, Gy 1 T & zh,
—i+1 ot XPy T T Wj =t ~tfl S -
z‘p. xZ, . ’LUj wj X x€T. X, .
j Pj j'€Cja a’EA]/ Ja ja pPj
Using the inductive hypothesis Z} ' /5 <zt /7!, , we obtain
Ft+1 7t it it 5t =t
‘rja Tiq [ 1 xj’a’ ‘rj’a’ Tiq
ST S o ©XP T T w. § : wy § : e = N
pj pj j/ECja a’EA]v/ Jja Ja P
7t ot it
zt 42 Tt
ja ja ja
S jjTeXp —nwi S s D
Pj J Pj
An immediate corollary of Proposition 2]is the following
Corollary 2. Forall ja € %,
St+l st
n t xja I,ij
0 <expq — L IRA I - L g 'R S )
w;xt, , e zt zt
jrar=<ja I ia Pi
In particular,
FtHl
0<1-— J“ <D - (27)

7 a’-<ja

Proof. The first statement follows from applying Proposition [2] repeatedly on the path from the root of the decision tree to
decision point j. The second statement holds from the first statement by noting that

i't--‘rl n n
a
1—-= _1—€Xp - _71%// < _71%//
Tt Wi Tt Ja Wi Tt Jra
ja j'a'< ja I%j'a’ j'a’<ja I%j'a’
O

where we used the factthat 1 —e™* < g forallx € R

Lemma 8. For all sequences ja,

>, S <o
WjiYja

j'a’ = ja

Proof. By induction.
e Base case. For any terminal decision ja € ¥ (that is, C,(; o) = )), we have

w./y./a, wfa
E J 93 — .77.7 =1 S 2.
j'a’ = ja wjyja w‘jl’ja

o Inductive step. Suppose that the inductive hypothesis holds for all sequences j'a’ > ja. Then

Z ’LU] y] a’ _ 1 + Z Z wj’yj’a’ Z U)j”yj”a”
w Wil Wirl)ir s
j'a’ * ja ]y]a j ECP(] @ a EA ., ]yJa j'a’ = j'a’ J y] a
WjrYj'a’

<142 Z Z o

J ECP(J,Q) a EA i/

o 2,05 a
— 142 2: wj — 1+ p(J,)§27
, wj w;
J"€Cp(j,a)



where the first inequality follows by the inductive hypothesis, and the second inequality holds by definition of the weights in
the dilated DGF (Equation [2). O



D Sampling Scheme

Lemma 9. Let 7 be a distribution with finite support, and let y ~ 7. Then ImE [ny] = span supp 7.

Proof. We prove the statement by showing that the nullspace of E[yy'] is equal to the orthogonal complement of span supp 7,
in symbols:

ker E[yy'] = (spansupp)*.
This will immediately imply the statement using the well-known relationship Im E[yy' | = (ker E[yy'])*.
We start by showing ker E[yy' ] C (spansupp 7). Take z € ker E[yy']. Then,
Elyy'|z=0 = 2'E[yy']z2=0
= E[(z'y)’] =0
— 2'y=0 Vyesuppn
— z'y=0 Vy € spansuppr.

We now look at the other direction, that is (spansupp 7)* C ker E[yy"]. Take z € (spansupp 7)*. Then,

Elyy']z =E[y(y' 2)] = Ely - 0] = 0.
This implies z € ker E[yy'], and concludes the proof. O

Lemma 10. Suppose that a distribution ©t over T is known, such that the support of wt is full-rank (that is, spansupp w° =

spanT), and let y* ~ w'. Furthermore, let C'~ be any generalized inverse of the autocorrelation matrix C*. Then, for all
z € span X;,

C'C' 2=z, and 2" C'~ C' = 2.
Proof. Since Im C* = spansupp 7 (see Lemma@]) and span supp 7¢ = span X’ by hypothesis, it must be z € Im C*. Hence,
there exists v € RIZl such that z = C* v, and therefore

cict—z=cCtct Ctv=C'v = z,

where the second equality follows by definition of generalized inverse. The proof of the second equality in the statement is
analogous. O

Lemma 11. Suppose that a distribution 7* over X is known, such that the support of * is full-rank (that is, span supp ¢ =
span X), and let y* ~ 7. Furthermore, let C'~ be any generalized inverse of the autocorrelation matrix C*. Then, for all
z € span X,

20t = (&) Cltz=1.

Proof. Since Im C* = spansupp 7’ (see Lemma@) and span supp 7t = span X’ by hypothesis, there exists v € RI*I such that

z = C'v. Furthermore, ' = C* T where T is any vector such that z'T =1forall z € coT (such vector must exist because 0
is not in the affine hull of 7). Hence,

Z'Clyt=v'C'C!C'r

=o' C'r

=z'r=1
The proof that (£*)T C*~z = 1 is analogous. O
Proposition 1. Let ' be the conditional distribution over T, given the previous decisions y", . ..,y'~', and suppose that the

support of wt is full-rank (that is, spansupp ' = span 7). Let C* := E;[y*(y?)"] be the autocorrelation matrix of y, and let
C'~ be any generalized inverse of C*, that is any matrix such that C*C'=C* = C". Then, for any b* L dir T, the random

variable P (Tt (O o 4 5
=[(€) y']- (CTy + ), ®)
satisfies ().



Proof. Forall z € dir X,
ZTEt[Et] _ TEt [((yt)Tet) Ct— yt] _ TEt [Ct— yt(yt)T Et] _ TCt— CtZt.
Using the inclusion dir 7 C span 7 together with Lemma[T0| gives the statement. O

Unbiasedness of the Sampling Scheme

Lemma 4. The sampling scheme given by Algorithm is unbiased, that is, E;[y'] = &'.
Proof. We prove by induction over the structure of the sequential decision process that for all v € J U IC,
Ely,] = &,

o First case: v € J is a terminal decision point. Let A, = {a1,...,a,}. Then, Z, = (z},,,...,T,, ) € A" and

vay? »Poa
n
_t _
E Lya, € $

e Second case: v € K is an observation point. Let C, = {j1,...,jn} be the set of decision points that are immediately

reachable after v. From (T3), &L, is in the form !, = (& ,..., &} ) € [[;_, co Tj,. It follows that

y‘;l Et [y,;l ] jzl
E/fyl] = E; : = : = : |==z
y; E¢ [yjtn] z;,

n

where the second equality follows from the independence of the sampling scheme and the third equality follows from the
inductive hypothesis.

o Third case: v € J is a non-terminal decision point Let C; = {ki,....k, } be the set of observation points that are
immediately reachable after v. From Equation (14), Z must be in the form &y = (AL, A ME] .. A& ), where
A= (Ao AE) € A™ Tt follows that

y! Yo Ae; Al
¢ A t ot
Y; A Et y;,] AT,
Ey) =B || ]| = B B
Y /\Z]Et [y5,] ALZL

where the second equality follows from the independence of the sampling scheme and the third equality follows from the
inductive hypothesis. This concludes the proof. O

Autocorrelation Matrix of the Sampling Scheme

Terminal Decision Points Let v € J be a terminal decision point and let A, = {a1, ..., a,}. The sequence-form strategy
space co 7T, is the probability simplex A™. Hence, at all times ¢, £/, = (\,..., \l)) € A™. In this case When asked to sample a
pure sequence-form strategy, we draw a € {1,...,n} according to the distribution specified by A\ and return the standard basis
vector y!, = e, € Ty.

Lemma 12. Let v € J be a terminal decision point, and let &t = (X}, ... \l)) € A™ = co T, in accordance with (12)). The
autocorrelation matrix of the sampling scheme that picks y; €Ty is

t )\ﬁ
C] = . )\t

n

Non-Terminal Decision Points Let v € J be a non-terminal decision point. In order to sample a pure sequence-form strategy
we first sample a € {1 ..., |A,|} according to the distribution specified by {Zyq faca, € Al4vl. Then, we set 4!, = 1, and

recursively sample yp(v a) by calling into the sampling scheme for p(v, a).



Lemma 13. Let T be a SDP rooted in non-terminal decision point j. Let C; = {ki, ..., kyn} be the set of observation points

that are immediately reachable after j. In accordance with (T4), &% is in the form T = (A7, ..., A\, \{&], ..., L&}, ), where
(AL, M) € A™ Let C,tci fori € 1,...,n be the autocorrelation matrix of the unbiased sampling scheme picking y,tcl €Tk,

using &y, /\i. The autocorrelation matrix of the sampling scheme picking y; is

A Ni(&,)"
o X, Xz, )"
J N AMCh,
Nz NCL

Observation Points Let v € K be an observation point. In order to sample y}, given a &, = (z% ,..., & ), we call into the

sampling schemes for nodes jy, . . . , j, by making n independent calls to SAMPLE(j;, &) fori = 1,...,n.

Lemma 14. Let T be a SDP rooted in observation point k. Let Cx, = {j1,...,jn} be the set of decision points that are
immediately reachable after k. In accordance with (13), &}, is in the form T}, = (%% , ..., @ ). Let C} fori € 1,...,n be the
autocorrelation matrix of the unbiased sampling scheme picking y; € Tj, using &;,. The autocorrelation matrix of the sampling

i
scheme picking yj, € T is

¢ St (ot \T =t (ot T
le . Lj, (x]é) Ty (xjn )T
—t (ot t —t (ot
Ct — Lj, (mjl) Cj2 Iy, (wjn)
k= .
jgn (:i‘gl )T jgn (:E.§2 )T e C;n
Lemma 12. Let v € J be a terminal decision point, and let ¢, = (N}, ... \l)) € A™ = co T, in accordance with (12). The
autocorrelation matrix of the sampling scheme that picks y; €Ty is
Al
Ct = -
i .
A
Proof. 1t follows from the definition of the sampling scheme that
n Y
Ctv] - Et[y] (y])T] = ZAl(elez ) = . '
i=1 AL

O

Lemma 13. Let T be a SDP rooted in non-terminal decision point j. Let C; = {k1, ..., ky} be the set of observation points

that are immediately reachable after j. In accordance with (T4), &} is in the form @& = (A7, ..., A\, \{&}, , ..., AL @}, ), where

(AL, L) € AT Let C};i fori € 1,...,n be the autocorrelation matrix of the unbiased sampling scheme picking y};l € Tk,

using &, /\;. The autocorrelation matrix of the sampling scheme picking y§ is

Al A, )"

J Tt W ol
Ay, ACy,




Proof. 1t follows from the definition of the sampling scheme that
Cij =Ei[y}(y))']

=> AEi[(e],0,...,0,(y;)",0,...,0) (€] ,0,...,0,(y}. )", 0,...,0)]
i=1

Al M(ag,)T
A M (=, )
Ay, N CY,
AL, G,
O
Lemma 14. Let T be a SDP rooted in observation point k. Let Cy, = {j1,...,jn} be the set of decision points that are
immediately reachable after k. In accordance with (13), &j, is in the form z}, = (2} , ..., @ ). Let C§ fori € 1,...,n be the

autocorrelation matrix of the unbiased sampling scheme picking y;l € Tj, using &;,. The autocorrelation matrix of the sampling

scheme picking yi. € T is

t —t =t \T —t —t \T
le . mjl (:sz) T mjl (m.j'n. )T
St ~t t St (At
.| Z(@) i, oz
Ck‘ == . .
—t —t \T —t —t \T t
z; (z3,) = (x5,) - cj,

Proof. 1t follows from the definition of the sampling scheme that

Cir = Eifyl(y))"]

Yi Y1 T Et[y;t.l(yg)—r} Et[y;JEt[y;zr Et[y;]Et[y;n]T
I Eelyh, JBelyh 1T Eelyl, (yh,)T] - Byl Byl I
- t . . - . . . .
Yin/ \Yin Ecyt 1Byt |7 Eelyt Byl )" - Byt (y8)7]
Cj, xj, (24, j, (25,)
REAC Ci, g, (x5 )"
—1 =t \T —t =t \T t
5. (@5,) w (Z5,) c;,

Generalized Inverse of the Autocorrelation Matrix

Proposition 4. Let j € J be a terminal decision point. The (generalized) inverse of the autocorrelation matrix C;? defined in
Lemmall2is '

/X1
/N,
The matrix is well defined in virtue of Observation

Proposition 5. Ler j € J be a non-terminal decision point, and let C; = {k, ...k, } be the observation points immediately



reachable after j. Finally, foralli =1,...,n, let C’,tc* be any generalized inverse for C};i. The matrix

0

1 t—
3 Chy

1ot
bV Gy,

is a generalized inverse for the autocorrelation matrix C’jt. defined in Lemma The matrix is well defined in virtue of

Observation

Proof. Let C’;f be the matrix proposed by the statement. Using Lemma

0 ' M A(zh)"
0 . .
ctci-ct=c! " Wy n M)
U 3 Chy Nl Xt
0 .
3 Co, Aaxh ALCL
A Aj(@g,)"
: 0 0
- AL M(@,)"
= | N NCT Cy, @, Ci, Ci,
Nt NCL Ci. @, Cy. CL,
Al M (af,)T
~ AL M@
Az, MG, g
Anl, A,

Where the third equality uses Lemmas [I0]and[T1] This concludes the proof.

Proposition 6. Let k € K be an observation point, and let Cy, = {j1, . .

after k. Finally, foralli =1,... n, let C;_ be any generalized invers for C’t-i, and let

Cj @,
i = :
Cj, .
The matrix
i
o n—1 . 7
- T T2 o (pg) -
.

is a generalized inverse for the autocorrelation matrix C}, defined in Lemma

O

., Jjn} be the decision points immediately reachable



Proof. In order to reduce the notational burden, let

t_
le
Ck:N =
t_
With that, we have
t N _ ¢ —t (=t \T
Cj, @5 (7)) Cj; Ci e @ ()
C,Ci~ Cj = : . : . : : :
_ _ T t— _ _ T
w;ﬁ (w§1) T C;n C]" w;n (w§1) e C;n
t —t —t \T t— t t— =t —t \T
le Ty (mjn) le le T le T (mjn)
—t (=t \T t t— =t (mt \T t— ot
@ (5,) - ¢, C;, zj, (z5,) - c;, ¢,
C§1 + (n - 1) :Ez'l (jél)—r ”‘53'1 (j§2 )T T n 58;1 (:izn )T
| e T oL ey nl, (@ )"
—t (=t \T —t (mt \T ¢ t (at T
nwjn (a:]l) nwjn (wjz) Cjn + (n - 1) wjn (w]n)
=Cj + (n— 1)z (a})", (28)
where we repeatedly used Lemmas[T0]and[T1] At the same time, we have
t —t ~t \T — _
c, cex (E) Cjt,1 :1:2-1 n a,';»l
Cyui, = : : : = : |=nz, (29)
_ _ t— =t =t
a:;-n (m;l)T e C’]t.n C; -zt nzt

where again we used Lemmas[I0[and [T} Putting and together, we obtain

~ n-1 o ¢
O (i = " )" ) O = i+ (n = D k(e - (0~ D akal)” = Ci.

as we wanted to show. O

Propositions {4 to E] give a way to compute the generalized inverse C*~ needed in (8). It is immediate to see that the vector pu},
in Proposition 6]is orthogonal to dir 7y, for all k € K. Hence, we construct the vector b® | dir 7 inductively to cancel the effect
of all p}, as follows (we use the same symbols as Lemmas to :

e At all terminal decision points 7 € J, we let b; =0.

e Atall non-terminal decision points j € 7, we let b’ be dependent on the action a € {1,...,|A;|} that was selected at j by
the pure sequence-form strategy . With that, we let

1
¢ ¢
b; = (0,...,)\zbka,0,...70>.

e At all observation points k € K, we let
n—1 ,
K-

bl = (bf,,....b" )+

? J7L

Given the particular choice of generalized inverse C*'~ and shifting vector b?, we can compute the loss estimate I according



to Proposition [T]as in Algorithm3].

Algorithm 7: LOSSESTIMATE(v, ¢, y!)
Input: v € J UK, }
x! € coT, strategy output by R
y! € T, pure strategy output by R
Output: £,
1 if v € J is terminal then
> Letx! = (A\1,...,\,) € A" as per (12)
[> Let y! = e; as per @)
[> Let (£%)" y? be the bandit feedback received

-
1
2 return (£!)"y' - (O,...,O, )\',O,...,O>

3 elseif v € J is non-terminal then
IDLet{kl,.. kn} C
> Let z! ()\tl,.. AL Xi‘}i ey N @], ) as per (T4)

[Dyv_(laovn-»yw-n, asper@
0

1
—t i
4 return T LOSSESTIMATE(k;, T}, , Yy, )

5 else if v € K then

[>Let {41, .., jn} = Cy

(> @), = (2},,..., 2% ) as per (I3)
>yl = (y§1, . ,y;?n) as per (T0)
LOSSESTIMATE(j1, Z§,, ¥%,)

6 return

LOSSESTIMATE(jn, &5, y} )

Expected Local Dual Norm of Loss Estimate

Lemma 15. For each node v € J UK, let N, be the number of terminal sequences in the subtree rooted at v. Then, for all
ve JUK,
0< (b)) & <N, -1

Proof. By induction on the structure of the SDP.
e First case: v € 7 is a terminal decision point. In this case the statement holds trivially since b!, = 0.

e Second case: v € IC is an observation point. We have

t t— it L

bjl n—1 C]l J1 Tj
®) @ = |+ : :
bt Ct— nt Tt

In In Jn In

:n_1+ztht

where the second equality is an application of Lemma |l 1} The lower bound is straightforward. For the upper bound, using the



inductive hypothesis we find

n

b) &, < (n—1)+) (N, —1)
i=1

:71+iNji:Nvfl.

i=1

e Third case: v € 7 is a non-terminal decision point. In this case, we have

T
_ 1 _ _
w7at = bk, ) Otah,) = 0, ak,
Both the lower bound and the upper bound follow trivially from applying the inductive hypothesis. O

Theorem 4. Assume that the bandit information (€')"y' € [0,1] at all times t. Then, at all times t, the loss estimate £ € R‘Eol
returned by Algorithm 3| satisfies B

E:|[C Yy + by 22| <20 |5

Tt
*,E,”

Proof. For each node v € J UK, let N,, be the number of terminal sequences in the subtree rooted at v. We will prove by
induction over the tree structure that, for any node v € J U K,

Wy

1
B IOk v, + ey < (2 o )2
That will be enough to conclude, since by hypothesis (£/)"y* € [0, 1], and therefore
~ _ 2
B2 0] = Ee[[| (€00 - (CLwt +81)2 4.
= E|(€)y")? - Oyt + 02,
<E[IC ! + b2 ]

o First case: v € J is a terminal decision point. Let A, = {a1,...,a,}. Then &{ = (\1,...,\,) € A" (Equation ) and
y! is of the form y!, = e; with probability A;. Then, using Proposition

n
1 3 1
E||Cty! + bt 27} =S N —=n<oN2=(2- — N2
t H v Yy T v”*,mfj 72:; \; n > 9w w, v
e Second case: v € J is a non-terminal decision point. Let C, = {ki,...,k,} be the set of observation points that are
immediately reachable after v. From Equation , @} must be in the form &% = (A],..., A, Nz}, ,..., A\, &}, ), where

A= (AL, ..., L) € A Also, from (TT), y!, = (e, 0,...,yj. ,. . .,0) with probability A - 7(yj. ) where 7 is a distribution



over Ty,. Hence,

n 1 . :
Gyl + B2 0 | = S (i) - || 57 (Chwh, +Bi,)

" 1 _ Al _ _
= > ANk s (MICE vk + 00126 ot *[(Ct Yi, +b1,) )

i=ly! €Ti, Wi

Yol X k) -lICk vi, + b
i=1 yzieTki
>
=1

1 & PN

n

1 02

i=1

E[lICk . +

where we used Corollary [T]in the second equality and Lemma I T]in the third equality. Using Lemma[T3] we obtain

B[ ICE g, + 8412 4 | = ZMWWHw*A+fZM

1
< g 2— — 4+ —|N?
_i=1< Wy +w) ki

i J

where the inequality follows from applying the inductive hypothesis. By definition of the DGF weights (2)), we have w; > 2wy,
foralli=1,...,n. Hence, —1/wy, < —2/(w;) and therefore:

n 2 1
t— t 2
Et[HCU o+ b, H*zt] _Z(Q—erw_)Nki

i=1 J J

(-3)E

o)
-2

e Third case: v € K is an observation point. Let C,, = {j1,. .., jn } be the set of decision points that are immediately reachable
after v. We have

Tﬁs

o
Il
—

(16wl + Bl | = 3B [ICSTw, + Bl

1
(2 - )Nj?
Wi, ‘

)ZM < 1v>N3. O
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